The aim of this paper is to show that holonomy properties of Finsler manifolds can be very different from those of Riemannian manifolds. We prove that the holonomy group of a positive definite non-Riemannian Finsler manifold of non-zero constant curvature with dimension > 2 cannot be a compact Lie group. Hence this holonomy group does not occur as the holonomy group of any Riemannian manifold. In addition, we provide an example of left invariant Finsler metric on the Heisenberg group, so that its holonomy group is not a (finite dimensional) Lie group. These results give a positive answer to the following problem formulated by S. S. Chern and Z. Shen: Is there a Finsler manifold whose holonomy group is not the holonomy group of any Riemannian manifold?
Introduction
The notion of the holonomy group of a Riemannian manifold can be generalized very naturally for a Finsler manifold (cf. e.g. S. S. Chern and Z. Shen, [2] , Chapter 4): it is the group at a point x generated by the canonical homogeneous (nonlinear) parallel translations along all loops emanated from x. Until now the holonomy groups of non-Riemannian Finsler manifolds have been described only in special cases: for Berwald manifolds there exist Riemannian metrics with the same holonomy group (cf. Z. I. Szabó, [11] ), for positive definite Landsberg manifolds the holonomy groups are compact Lie groups consisting of isometries of the indicatrix with respect to an induced Riemannian metric (cf. L. Kozma, [4] , [5] ). A thorough study of the holonomy group of homogeneous (nonlinear) connections was initiated by W. Barthel in his basic work [1] in 1963; he gave a construction for a holonomy algebra of vector fields on the tangent space. A general setting for the study of infinite dimensional holonomy groups and holonomy algebras of nonlinear connections was initiated by P. Michor in [7] . However the introduced holonomy algebras could not be used to estimate the dimension of the holonomy group since their tangential properties to the holonomy group were not clarified.
The aim of this paper is to show that holonomy properties of Finsler manifolds can be very different from those of Riemannian manifolds. We prove that if the holonomy group of a non-Riemannian Finsler manifold of non-zero constant curvature with dimension n > 2 is a (finite dimensional) Lie group then its dimension is strictly greater than the dimension of the orthogonal group acting on the tangent space and hence it can not be a compact Lie group. An estimate for the dimension of the holonomy group will be obtained by investigation of a Lie algebra of tangent vector fields on the indicatrix, algebraically generated by curvature vector fields of the Finsler manifold. We call this Lie algebra the curvature algebra and prove that its elements are tangent to one-parameter families of diffeomorphisms contained in the holonomy group. For non-Riemannian Finsler manifolds of constant curvature = 0 with dimension n > 2 we construct more than n(n−1) 2 linearly independent curvature vector fields.
In addition, we provide an example of a left invariant singular (non y-global) Finsler metric of Berwald-Moór-type on the Heisenberg group which has infinite dimensional curvature algebra and hence its holonomy is not a (finite dimensional) Lie group. These results give a positive answer to the following problem formulated by S. S. Chern 
Preliminaries
Finsler manifold and its canonical connection A Minkowski functional on a vector space V is a continuous function F, positively homogeneous of degree two, i.e. F(λy) = λ 2 F(y), smooth onV := V \ {0}, and for any y ∈V the symmetric bilinear form g y : V × V → R defined by
is non-degenerate. If g y is positive definite for any y ∈V then F is said positive definite and (V, F) is called positive definite Minkowski space. A Minkowski functional F is called semi-Euclidean if there exists a symmetric bilinear form , on V such that g y (u, v) = u, v for any y ∈V and u, v ∈ V . A semi-Euclidean positive definite Minkowski functional is called Euclidean.
A Finsler manifold is a pair (M, F) where M is an n-dimensional manifold and F : T M → R is a function (called Finsler metric, cf. [9] ) defined on the tangent bundle of M , smooth onT M := T M \ {0} and its restriction
We remark that in many applications the metric F is smooth only on an open cone CM ⊂ T M \{0}, where CM = ∪ x∈M C x M is a fiber bundle over M such that each C x M is an open cone in T x M \{0}. In such case (M, F) is called singular (or non y-global) Finsler space (cf. [9] ).
Geodesics of Finsler manifolds are determined by a system of 2nd order ordinary differential equation:
where G i (x,ẋ) are locally given by
The associated homogeneous (nonlinear) parallel translation can be defined as follows: a vector field X(t) = X i (t)
∂ ∂x i along a curve c(t) is said to be parallel if it satisfies
where
Horizontal distribution, curvature
The geometric structure associated to ∇ can be given on T M in terms of the horizontal distribution. Let VT M ⊂ T T M denote the vertical distribution on T M , V y T M := Ker π * ,y . The horizontal distribution HT M ⊂ T T M associated to (1) is locally generated by the vector fields
For any y ∈ T M we have the decomposition T y T M = H y T M ⊕ V y T M . The projectors corresponding to this decomposition will be denoted by h y and v y . The isomorphism l (x,y) : T x M → H y T M defined by the formula (2) is called horizontal lift. Then a vector field X(t) along a curve c(t) is parallel if and only if it is a solution of the differential equation
The curvature tensor field characterizes the integrability of the horizontal distribution:
Using local coordinate system we have
The manifold is called of constant curvature c ∈ R, if for any x ∈ M the local expression of the curvature is
In this case the flag curvature of the Finsler manifold (cf. [2] , Section 2.1 pp. 43-46) does not depend either on the point or on the 2-flag.
Indicatrix bundle
Let (M, F) be an n-dimensional Finsler manifold. The indicatrix I x M at x ∈ M is a hypersurface of T x M defined by 
between the indicatrices.
Definition 1
The holonomy group Hol(x) of a Finsler space (M, F) at x ∈ M is the subgroup of the group of diffeomorphisms Diff(I x M ) of the indicatrix I x M determined by parallel translation of I x M along piece-wise differentiable closed curves initiated at the point x ∈ M .
We note that the holonomy group Hol(x) is a topological subgroup of the regular infinite dimensional Lie group Diff(I x M ), but its differentiable structure is not known in general.
Tangent Lie algebras to subgroups of Diff ∞ (M)
Let H be a subgroup of the diffeomorphism group Diff ∞ (M ) of a differentiable manifold M and let X ∞ (M ) be the Lie algebra of smooth vector fields on M .
Theorem 3 Let V be a set of vector fields strongly tangent to the subgroup H of
Proof. First, we investigate some properties of vector fields strongly tangent to the group H.
at any point x ∈ U .
Proof. Assertions (i) and (ii) can be obtained by direct computation. It follows from (i) that
is the first non-necessarily vanishing derivative of the diffeomorphism family {ψ (t 1 ,...,t h ) } at any point x ∈ M . Using
where lim
ω(x, t 1 , . . . , t k ) = 0 we obtain, that
which proves (iii).
We remark that the assertion (iii) means that any vector field strongly tangent to H is tangent to H. Now, we generalize a well-known relation between the commutator of vector fields and the commutator of their induced flows.
Lemma 5 Let {φ (s 1 ,...,s k ) } and {ψ (t 1 ,...,t l ) } be C ∞ -differentiable k-parameter, respectively l-parameter families of (local) diffeomorphisms defined on a neighbourhood U ⊂ R n . Assume that φ (s 1 ,...,s k ) = Id, respectively ψ (t 1 ,...,t l ) = Id, if some of their variables equals 0. Then the family of (local) diffeomorphisms
Proof. The group theoretical commutator
..,t l ) ] = Id, if some of its variables equals 0. Hence 
denotes the Jacobi operator of the map φ −1
(s 1 ,...,s k ) at the point φ (s 1 ,...,s k ) (x). Using the fact, that {φ (s 1 ,...,s k ) } is the constant family Id, if some of its variables equals 0, and the relation d(φ −1 (0,...,0) ) φ (s 1 ,...,s k ) (x) = Id, we obtain that (7) can be written as
.
According to assertion (ii) of Lemma 4 the last formula gives
which is the Lie bracket of vector fields
Lemma 6 The Lie algebra v has a basis consisting of vector fields strongly tangent to the group H.
Proof. The iterated Lie brackets of vector fields belonging to V linearly generate the vector space v. It follows from Lemma 5 that iterated Lie brackets of vector fields belonging to V are strongly tangent to the group H. Hence v is linearly generated by vector fields strongly tangent to H.
Lemma 7 Linear combinations of vector fields tangent to H are tangent to H.
Proof. If X and Y are vector fields tangent to H then there exist C 1 -differentiable 1-parameter families of diffeomorphisms {φ t ∈ H} and {ψ t ∈ H} such that
Considering the C 1 -differentiable 1-parameter families of diffeomorphisms {φ t • ψ t } and {φ ct } one has
, for all c ∈ R n , which proves the assertion.
Lemmas 4 -7 prove Theorem 3.
Curvature algebra
The Lie subalgebra R x := r x (X, Y ); X, Y ∈ T x M of X(I x M ) generated by the curvature vector fields is called the curvature algebra of the Finsler manifold (M, F) at the point x ∈ M .
Since the Finsler metric is preserved by parallel translations, its derivatives with respect to horizontal vector fields are identically zero. Using (4) we obtain, that the derivative of the Finsler metric with respect to (8) vanishes, and hence g (x,y) y, R (x,y) (l y X, l y Y ) = 0, for any y, X, Y ∈ T x M (c.f. [9] , eq. (10.9) ). This means that the curvature vector fields ξ = r x (X, Y ) are tangent to the indicatrix. In the sequel we investigate the tangential properties of the curvature algebra to the holonomy group of the canonical connection ∇ of a Finsler manifold.
Proposition 9 Any curvature vector field at x ∈ M is strongly tangent to the holonomy group Hol(x).
Proof. Indeed, let us consider the curvature vector field r x (X, Y ) ∈ X(I x M ), X, Y ∈ T x M and letX,Ŷ ∈ X(M ) be commuting vector fields i.e. [X,Ŷ ] = 0 such thatX x = X, Y x = Y . By the geometric construction, the flows {φ t } and {ψ s } of the horizontal lifts l(X) and l(Ŷ ) are fiber preserving diffeomorphisms of the bundle IM for any t ∈ R, corresponding to parallel translations along integral curves ofX andŶ respectively. Then the commutator
is also a fiber preserving diffeomorphism of the bundle IM for any t, s ∈ R. Therefore for any x ∈ M the restriction θ t,s (x) = θ t,s IxM :
to the fiber I x M is a 2-parameter C ∞ -differentiable family of diffeomorphisms contained in the holonomy group Hol(x) such that θ 0,s (x) = Id, θ t,0 (x) = Id, and ∂ 2 ∂t∂s t=0,s=0 θ t,s (x) = r x (X, Y ), which proves that the curvature vector field r x (X, Y ) is strongly tangent to the holonomy group Hol(x) and hence we obtain the assertion.
Theorem 10
The curvature algebra R x of a Finsler manifold (M, F) is tangent to the holonomy group Hol(x) for any x ∈ M .
Proof. Since by Proposition 9 the curvature vector fields are strongly tangent to Hol(x) and the curvature algebra R x is algebraically generated by the curvature vector fields, the assertion follows from Theorem 3.
Proposition 11
The curvature algebra R x of a Riemannian manifold (M, g) at any point x ∈ M is isomorphic to the linear Lie algebra over the vector space T x M generated by the curvature operators of (M, g) at x ∈ M .
Proof. The curvature tensor field of a Riemannian manifold given by the equation (4) is linear with respect to y ∈ T x M and hence
where R x (ξ, η)) k l is the matrix of the curvature operator R x (ξ, η) : T x M → T x M with respect to the natural basis
Hence any curvature vector field r x (ξ, η)(y) with ξ, η ∈ T x M has the shape r x (ξ, η)(y) = (R x (ξ, η)) k l y l ∂ ∂y k . It follows that the flow of r x (ξ, η)(y) on the indicatrix I x M generated by the vector field r x (ξ, η)(y) is induced by the action of the linear 1-parameter group exp tR x (ξ, η)) on T x M , which implies the assertion.
Remark 12
The curvature algebra of Finsler surfaces is one-dimensional.
Proof. For Finsler surfaces the curvature vector fields form a one-dimensional vector space and hence the generated Lie algebra is also one-dimensional.
Constant curvature
Now, we consider a Finsler manifold (M, F) of non-zero constant curvature. In this case for any x ∈ M the curvature vector field r x (X, Y )(y) has the shape (cf. (5))
Putting y j = g jm (y)y m we can write r(X, Y )(y) = c δ i j y k − δ i k y j X j Y k ∂ ∂y i . Any linear combination of curvature vector fields has the form
where n = dim M .
Proof. Let us consider the curvature vector fields r jk = r x ( ∂ ∂y j , ∂ ∂y k )(y) at a fixed point x ∈ M . If a linear combination
of curvature vector fields r jk with constant coefficients A jk = −A kj satisfies A jk r jk = 0 for any y ∈ T x M then one has the linear equation A ik y k = 0 for any fixed index i.
Since the covector fields y 1 , . . . , y n are linearly independent we obtain A jk = 0 for all j, k ∈ {1, . . . , n}. It follows that the curvature vector fields r jk are linearly independent for any j < k and hence dim R x ≥ n(n−1) 2 .
Corollary 14 Let (M, g) be a Riemannian manifold of non-zero constant curvature with n = dim M . The curvature algebra R x at any point x ∈ M is isomorphic to the orthogonal Lie algebra o(n).
Proof. The holonomy group of a Riemannian manifold is a subgroup of the orthogonal group O(n) of the tangent space T x M and hence the curvature algebra R x is a subalgebra of the orthogonal Lie algebra o(n). Hence the previous assertion implies the corollary.
Theorem 15 Let (M, F) be a Finsler manifold of non-zero constant curvature with
Proof. We assume dim R x = n(n−1) 2
. For any constant skew-symmetric matrices {A jk } and {B jk } the Lie bracket of vector fields A ik y k ∂ ∂y i and B ik y k ∂ ∂y i has the shape C ik y k ∂ ∂y i , where {C ik } is a constant skew-symmetric matrix, too. Using the homogeneity of g hl we obtain ∂y h ∂y m = ∂g hl ∂y m y l + g hm = g hm (11) and hence
Particularly, for the skew-symmetric matrices bd with some c ( = d) we obtain from (12) the identity
for any b, c, d ∈ {1, . . . , n}. We have
which implies the identity
Since dim M > 2, we can consider 3 different indices b, c, d and we obtain from the identity (14) that λ bc = λ cb for any b, c ∈ {1, . . . , n}.
By derivation the identity (13) we get
Using (11) we get the identity
Multiplying both sides of this identity by the inverse {g qr } of the matrix {g cq } and taking the trace with respect to the indices c, r we obtain the identity
Hence we obtain that g bd y b = λ bd y b and hence g bd = λ bd , which means that the point x ∈ M is (semi-)Riemannian. From this contradiction follows the assertion. Proof. We assume that the holonomy group of a Finsler manifold (M, F) of nonzero constant curvature with dim M ≥ 3 is a compact Lie transformation group on the indicatrix I x M . The curvature algebra R x at a point x ∈ M is tangent to the holonomy group Hol(x) and hence dim Hol(x) ≥ dim R x . If there exists a not (semi-)Riemannian
. The (n − 1)-dimensional indicatrix I x M at x can be equipped with a Riemannian metric which is invariant with respect to the compact Lie transformation group Hol(x). Since the group of isometries of an n − 1-dimensional Riemannian manifold is of dimension at most
(cf. Kobayashi [3] , p. 46,) we obtain a contradiction, which proves the assertion.
Since the holonomy group of a Landsberg manifold is a subgroup of the isometry group of the indicatrix, we obtain that any Landsberg manifold of non-zero constant curvature with dimension > 2 is Riemannian (c.f. Numata [8] ).
We can summarize our results as follows:
Theorem 17 The holonomy group of any non-Riemannian positive definite Finsler manifold of non-zero constant curvature with dimension > 2 does not occur as the holonomy group of any Riemannian manifold. The group H 3 can be realized as the Lie group of matrices of the form
, where x = (x 1 , x 2 , x 3 ) ∈ R 3 and hence the multiplication can be written as 
Corollary 19
The holonomy group of the Finsler manifold (H 3 , F) has an infinite dimensional tangent Lie algebra.
We remark here, that it remains an interesting open question: Is there a nonsingular (y-global) Finsler manifold whose holonomy group is infinite dimensional?
